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The statement of Lemma 2.3 must be changed as follows:
Lemma 2.3. Let k = 0,1,2, . . . . Assume (V ) for some ω > 0 and θ > 0. Let γ  0 and U˜k be a unique radial
solution to
(O˜ ) U −
(
V (r) + ωk
(1+ r)2
)
U = 0, U (0) = 1.
Then there exist a positive constant 0 and a radial function W˜ (x, t) with the following property: for any
0<   0 and T  0, there exists a constant C such that
∂t W˜ W˜ − Vk
(|x|)W˜ in D(T ), (2.15)
0 W˜ (x, t) C(1+ t)− αk2 −γ U˜k
(|x|) in D(T ), (2.16)
W˜ (x, t) (1+ t)−γ on Γ(T ), (2.17)
where
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{
(x, t) ∈ RN × (T ,∞): |x| < (1+ t)1/2},
Γ(T ) =
{
(x, t) ∈ RN × (T ,∞): |x| = (1+ t)1/2}
∪ {(x, T ) ∈ RN × {T }: |x| < (1+ T )1/2}.
Proof. By Lemma 2.2, there exists a solution U˜k of (O˜ ) such that
(I) 0< U˜k(r)  (1+ r)αk , U˜ ′k(r) 0, r  0,
U˜ ′k(r)  rαk−1, r  R + 1,
where R is the constant given in Lemma 2.2. Let T > 0, A = (αk/2) + γ , 0 = (A + 2)−1, and 0 <
  0. Let C1 be a positive constant to be chosen later. Put
W˜ (x, t) = C1(1+ t)−A
[
U˜k
(|x|)− A(1+ t)−1Fk[U˜k](|x|)].
Then, by (2.6) in Lemma 2.2, for any (x, t) ∈ D(T ), we see that W˜  0 in S in view of
0 A
2N(1+ t) Fk[U˜k]
(|x|) A|x|2U˜k(|x|)
2N(1+ t) 
A
2N
U˜k
(|x|) 1
2
U˜k
(|x|).
Since Fk[U˜k] is a solution to (2.7) and Vk > V + ωk/(1+ r)2, we have
∂t W˜ − W˜ + Vk
(|x|)W˜  0 in S
by (O˜ ). Hence we obtain
(II)
C1
2
U˜k
(|x|) (1+ t) αk2 +γ W˜ (x, t) C1U˜k(|x|)
for all (x, t) ∈ D(T ). In addition, by (I) and (II), there exists a positive constant C2, independent of C1,
such that
(1+ t)AW (x, t) C1
2
U˜k
(|x|) = C1
2
U˜k
(
(1+ t)1/2) C1C2αk (1+ t) αk2
for all (x, t) ∈ Γ(T ). So we put C1 = C−12 −αk and obtain (2.15)–(2.17). 
Also, in the proof of Lemma 3.2, we take W = C1(1 + T−1)N/2W˜ (x, t) (C1 here is not the same
as above, but appears in the proof of Lemma 3.2). Then, by the comparison principle, we see
that vn(|x|, t)  W in D(T ), and have Lemma 3.2(i). Furthermore, under the assumption (3.4) in
Lemma 3.2, by the same argument as in the proof of Lemma 3.2, we see that, for any T > 0, any
suﬃciently small  > 0, and j = 0,1,2, . . . , there exist constants C2 and C3 such that
(III)
∣∣(∂ jt v)(|x|, t)∣∣ C2W (x, t) C3t−d− N4 − αk2 − j U˜k(|x|), (x, t) ∈ D(T ).
On the other hand, by Lemma 2.2(ii), there exists a constant c j = c j(t) such that
(IV)
(
∂
j
t v
)(|x|, t) = c j(t)Uk(|x|)+ Fk[(∂ j+1t v)(t)](|x|), x ∈ RN .
By (III) and (IV), we apply the same arguments as in (3.16)–(3.18), and see that, for any j = 0,1,2, . . . ,
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∣∣(∂ jt v)(|x|, t)∣∣ C4t−d− N4 − αk2 − j[Uk(|x|)+ t−1|x|2U˜k(|x|)], (x, t) ∈ D(T ),
where C4 is a constant. Furthermore, by (IV) and (V), we repeat this argument J times with 2 J  k
(noting that Uk  rk near r = 0), and see that, for any j = 0,1,2, . . . ,
∣∣(∂ jt v)(|x|, t)∣∣ C5t−d− N4 − αk2 − j[Uk(|x|)+ (t−1|x|2) J U˜k(|x|)]
 C6t−d−
N
4 −
αk
2 − jUk
(|x|), (x, t) ∈ D(T ),
where C5 and C6 are constants. This inequality gives Lemma 3.2. Then the rest of the proof works
well and we do not need to change the statements of our main results.
